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Abstract. The general rational solution of the Yang-Baxter equation with the symmetry algebra 
sl{2) can be represented as the product of the simpler building blocks denoted as 7^-operators. The 
7^-operators are constructed explicitly and have simple structure. Using the 7?.-operators we construct 
the two-parametric Baxter's Q-operator for the generic inhomogeneous XXX - spin chain. In the case 
of homogeneous XXX-spin chain it is possible to reduce the general Q-operator to the much simpler 
one-parametric Q-operator. 
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1 Introduction 

The Yang-Baxter equation and its solutions play a key role in the theory of the completely integrable 

quantum models ^ IS IHl H]. The general s^(2)-invariant solution of the Yang-Baxter equation (R- 

matrix) is the operator M(n) acting in a tensor product of two s£{2) lowest weights modules Vg^ (X) • 
The Yang-Baxter equation is reduced to the simpler defining equation for the R-matrix j2| 



^12 



(n — v)Li{u)L2{v) = L2(v)Li(n)]Ri2(n — v) 



where L(n) is the Lax operator. We suggest the natural factorized expression for the general R-matrix. 
It can be represented as the product of the simple building blocks - 7^-operators [S]. The main idea is 
very simple. The Lax operator depends on two parameters: the spin of representation i and the spectral 
parameter u. It is useful to change to other parameters = u + £ and u- = u — i and extract the 
operator of permutation P12 from the R-matrix R12 = Pi2lRi2- The defining equation for the operator 
M12 has the form 

]Ri2 ■ Li(u+,M_)L2(f+,f_) = Li(w+,i;„)L2(u+,M_) • Ru- 

The operator M12 interchanges simultaneously ii+ with and U- with v- in the product of two Lax- 
operators. Let us perform this operation in two steps. In the first step we interchange the parameters 
U- with V- only. The parameters u+ and f+ remain the same. In this way one obtains the natural 
defining equation for the 7^~-operator 

71^2 ■ ^i{u+,u-)^2{v+,v^) = Li(n+, w_)L2(i^+, u_) • TZ^2 ; '^12 = ^12(^^4-, ^i- b-)- 

In the case when = v- = v there is no interchange of parameters so that it is naturally to expect 
that the operator 7^|f2 b-) is reduced to the unit operator 7^^2(^+)'^k) = 1- the second step 
we interchange n+ with but the parameters u_ and V- remain the same. The defining equation for 
the 7^"'"-operator is 

^12 • Li(u+,u_)L2(i;+,w_) = Li(u+,u_)L2(u+,w_) • 7^^2 ; ^12 = ^12(^+1^^+,^-)- 

In the case when n+ = f+ = u there should be the similar degeneracy TZi2iu\u,V-) = 1. These 
equations appear much simpler then the initial defining equation for the R-operator and their solution 
can be obtained in a closed form. Finally, we construct the composite object - the R-matrix from the 
simplest building blocks - the 7^-operators 



'-12 



{u+,U-\v+,V-) = Pi27^]^2('"+i'^-' ''^-)''^12(^+' ^"1^-)- 
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There are two points of degeneracy u- = v- = v and U-^ = V-^- = u where the operator M.12 is reduced 
to a single 7?.-operator 

Ri2{u+,v\v+,v) =Fi2'Rl2{u+\v+,v) ; Ri2{u,u-\u,v^) = Fi2Tli2{u,u-\v~) 

The detailed discussion of the R- matrix and its factorization is given in the Section 2. 

The next natural step it to use the general operator M.i2{u^,u-\v+,V-) as building block in con- 
struction of Baxter's Q-operator. In the case of the generic inhomogeneous periodic XXX spin chain 
the transfer matrix t(n) is constructed as follows 

t{u) = tr Li(u + 61) ■ Li(n + ^2) • ■ ■ ^n{u + ^n) 

The most general transfer matrix Q(n,^o) is constructed in a similar manner from the operators W^o 

Q(u, io) = trvo ffiio(w + <^i)ffi2o(w + S2)--- Rno{u + Sn) 

The operator Q(m, Iq) depends on two parameters: the spectral parameter u and the spin in the auxiliary 
space Vo = V^g . It is useful to change to other parameters ui = 1 + u — io and U2 = u + io such that 
Q{u,io) = Q(iii[ii2)- The operator Q(ni|n2) has the following properties: 

• the operator Q(tii|n2) is s£(2)-invariant 

• commutativity 

Q{ui\u2) ■ Q{vi\v2) = Q,{vi\v2) ■ Q(ni|u2) ; Q{ui\u2) ■ t{v) = t{v) ■ Q(ni|'U2) 

• the operator Q(ui|n2) obeys the Baxter's equation with respect to U2 

Q(ni|n) • t(ti) = A+(u)Q(ni[ti + 1) + A_(n)Q(tii|n- 1) ; A±(n) = {u + 6i± £1) ■ ■ ■ {u + 6N±iN) 

• the operator Q(tii|n2) obeys the Baxter's equation with respect to ui 

t{u) ■ Q{u\u2) = ^^^^^^^^^7^Q{u - 1\U2) + A-{u)Q{u + 11^2) 
A„(u — Ij 

These properties allow to consider the operator Q(ni|n2) as two-parametric Baxter's Q-operator jHllHl- 
The proof of all these properties of the operator Q(ui|u2) is given in the Section 3. 

In the case of homogeneous spin chain: 5k = and ik = i the points of degeneracy for all operators 
Mfco coincide so that it is possible to remove half of the 7?.-operators. We obtain the following reductions 
of the two-parametric Q-operator: at the first point of degeneracy ui = 1 — i 

Q_(n) = Q(l - £\u) = trvo Plo7^^o(^i+, 10) • ¥2on^o(u+, m_|0) • • • Pjvo^^o(^+' "-iO) 

and at the second point of degeneracy U2 = i 

Q+(n) = Q{u\i)= trvo Plo7^^o(^^+|l, • F2onto{u+\l,u_) ■ ■ ■ P^o7e^o(^+|l' 

As the direct consequence of the equations for the general two-parametric operator Q(tii|ti2) we imme- 
diately derive the following properties of the operators Q-|-(n) and Q_(n) 

• operators Q±{u) are s£(2)-invariant 



3 



• commutativity 

Q^{u) ■ Q±{v) = Q±{v) ■ Q±(n) ; Q+{u) ■ Q-{v) = Q^{v) ■ Q+{u) ; Q±(n) • t(^;) = t(^;) • Q±(n) 

• Baxter equation for the Q_(u) 

Q_(n) • t{u) = A+{u)Q-{u + 1) + A_(u)Q_(u - 1) ; A±(n) = (n ± i)^ 

• Baxter equation for the Q+(ii) 

tiu) ■ Q+(n) = ^itllll^-Mq^^u - 1) + A_(n)Q+(n + 1). 
A_(n — Ij 

There exists the natural generahzation of the operators Q±(ti) to the case of generic inhomogeneous 
periodic XXX spin chain: we use the local operators TZ^^ as building blocks for the operator Q±(n). 
These operators Q±{u) obey the Baxter equations but they are not s£(2)-invariant and the commutation 
relations between Q±(m) and between Q±(ti) and the transfer matrix t{u) are more complicated. The 
two-parametric operator Q(ui|tt2) can be factorized on the product of these operators 

Q(ui|u2) = Q+(ni)-P-Q_(n2) 

where P is the operator of cyclic shift. 

The first explicit construction of the Q-operator using the general transfer matrix built from univer- 
sal R-matrices was given by A.Yu.Volkov jl3j in context of some simple q-deformed model. The very idea 
that the transfer matrix built from universal R-matrices can serve as a Baxter's Q-operator probably be- 
longs to E.K.Sklyanin [3IH1- (The last sentence in fact coincides with footnote in Volkov's paper.) Using 
universal R-matrix for the Uq{si2) affine algebra V.Bazhanov, S.Lukyanov and A.Zamolodchikov |14j 
constructed Q-operator for quantum KdV model. The general algebraic scheme how to derive the al- 
gebraic relations between different objects of QISM was formulated in the paper of A.Antonov and 
B.Feigin The Baxter Q-operators was constructed for different models in the papers |12 | I16 | [T71 
1181 119j . The factorization of the R-matrix and Baxter's Q-operator used in the present paper is very 
similar to the ones obtained in the context of the chiral Potts model |2n[ 1211 122j . 

The presentation is organized as follows. In Section 2 we collect the standard facts about the 
algebra s£{2) and its representations. Next we consider the defining relation for the general R-matrix, 
i.e. the solution of the Yang-Baxter equation acting on tensor products of two arbitrary representations. 
We introduce the natural defining equations for the 7^-operators and show that the general R-matrix can 
be represented as the product of these much simpler operators. In the Section 3 we construct Baxter's 
Q-operator for the generic inhomogeneous periodic XXX-spin chain. In the Section 4 we consider the 
reduction to the case of the homogeneous spin chain. In the Section 5 we discuss the generalization 
of the operators Q±(ii) to the case of generic inhomogeneous spin chain and the factorization of the 
two-parametric operator Q(iii|u2). Finally, in Section 6 we summarize. 

2 The general s^(2)-invariant R-matrix 

The Lie algebra s£{2) has three generators S , S-t 

[S,S±] = ±S± , [S+,S_] = 2S 
the central element (Casimir operator C2) being 

C2 = -S + S+S_. 
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The Verma module is the generic lowest weight s£(2)-module with the lowest weight ^ E C and 

oo 
k=0 

Vfc = S^vo , Svfe = {i + k)vk , S_Vfc = -ki2i + k- l)vfc 



Casimir C2 = i{i — !)■ As a linear space is spanned by the basis {vfc}°° 



where the vector vq is the lowest weight vector: S_vo = , Svq = ^vq. The module is irreducible, 
except for i = where n G {0, 1, 2, 3 • • •}, when there exists an (n + l)-dimensional invariant subspace 
V„ C spanned by {v^j^^Q. We shall rely extensively on the explicite representation of s£{2) as 
the space C[z] of polynomials in z spanned by monomials {-z'^}^_q. Then the lowest weight vector is 
polynomial vq = 1 and the action of si{2) in is given by the first-order differential operators: 

S = zd + i , S- = -d , S+ = z^d + 2£z. (2.1) 

The generating function for the basis vectors can be calculated in closed form 

e^^- . 1 = (1 - Az)-- = f; ^ . (21), / ; (21), . ^-^§±^ 

This expression clearly shows that for generic ^ 7^ — § the module is an irreducible s^(2)-module 
isomorphic to V^, the isomorphism being given by <-> (21), ■ z^ . For I = —'^ where n € {0, 1, 2, 3 • • •}, 
we have the finite sum instead of infinite series so that there exists an invariant subspace V„ C 
spanned by which is isomorphic to V„,. For £ = —\ one obtains the two-dimensional invariant 

subspace Vi ~ and the matrices of operators S , in the basis ei = S+ • 1 = —z, e2 = 1 have the 
standard form of generators s, s± in the fundamental representation 



j ' " I 1 j ' ^" 2 ■ V -1 



(2.2) 



Let V^^, and V^g be lowest weight s£(2)-modules and consider three operators M^.^^. (n) which are 
acting in Vi- Vi- . The Yang-Baxter equation is the following three term relation 

Re,e2 {u - v)Re,es {u)Ri,es (v) = ^^2^3 {v)^e,i, (u)Ri,i, (u - v) (2.3) 

We look for the general s^(2)-invariant solution M^^^j (u) of this equation. The restriction of the operator 
'^p _i ("u) to the space coincides up to normalization and a shift of the spectral parameter with 
the fundamental Lax-operator |^ [31 

L(n) : ^ ® 

It is (up to an additive constant) the Casimir operator C2 for the tensor product of representations 

T/\ ^ r, r, /n-|-SS-\ f u + £ + zd —d 

L(u) = u-F2-S«)s + S_(8s+ + S+®s_ = Q = 2. 



S+ u-S J \ z^d + 2£z u-£-zd 

where s, are the generators in the fundamental representation ^2.2\ and S, S± are the generators ()2.1() 
in the generic representation V^. The Lax operator acts in the space C[2;](X'C^ and despite of the compact 
notation L(m) depends actually on two parameters: the spin £ and the spectral parameter u. We shall 
use extensively the parametrization u+ = u + i,U- = u — £ and show all parameters explicitly. There 
exists a very useful factorized representation for the L-operator |7j 

^ ^ ' V z^d + (u+ - u_)z - zo J \ z 1 J \ u- J \ -z 1 J ^ ' 
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We put £3 = — I in (|2.3jl and consider the restriction on the invariant subspace V^^ (8) ® . In this 
way one obtains the defining equation for the operator Mi2(u) 0111 



^12 



[u - v)Li{u)L2{v) = L2(i^)Li(u)Mi2(u - v). 



The operator acts nontriviahy on the tensor product V^^. which is isomorphic to C[zk] 
and the operator Mi2(tf) acts nontrivially on the tensor product V^^ which is isomorphic to 
C[zi] (8) C[z2] = C[2i, Z2]- It is useful to extract the operator of permutation P12 

^12^(^1,^2) = ^(-22,^1) ; ^(^1,^2) G C[zi,Z2] 
from the M-operator ]Ri2(ti) = Pi2lRi2(^i) and solve the defining equation for the M-operator 

Ri2{u+,u^\v+,v^)Li{u+,u^)L2iv+,v^) = Li{v+,V-)L2iu+,u^)Ri2iu+,U-\v+,v^) 

where M4. = u + ^1 , n_ = u — , f + = + £2 > V- = v — £1. The R-operator can be factorized into 
the product of the simpler elementary building blocks - 7^-operators PJ- 

Proposition 1 There exists operator TZi2 which is the solution of defining equations 

7^|2Ll(M+, u_)L2(v+, W-^) = Li(f+, u^)lj2{u+,v-)n'l2 (2.5) 

■^12 = ^12(^+1^'+'^'") ; ■^1^2(^+1^+'^-) = ^12(^4- + + + 

The system of equations \2. ,5|) for the operator TZi2 is equivalent to the simpler system 

11^2 ■ [Li(u+,u_) + L2{v+,v-)] = [Li{v+,u-) + L2('u+, w-)] • Tl^2 ; ^12 ■ zi = zi- 7^^2• (2-6) 

These requirements fix the operator IZ^ up to an overall normalization constant. Fixing the normaliza- 
tion in a such way that TZ^ : 1 1— > 1 we obtain 

-T^+ r \ \ ^{v+-v^)T{z2id2 + u+-v^) 
T{U^ - V^) T{Z2l02 + - v^) 

Proposition 2 There exists operator TZi2 which is the solution of defining equations 

lZ^2^i{u^,U-)lj2{v+,v^) = Ll(^^+,^;_)L2(^;+,U-)7^f2 (2.8) 

lZi2 = 7?.]^2(^+> 1^-) ; '^r2(^+' ^- 1^-) ~ '^12^'^+ + A, n_ + X\v- + A). 
The system of equations h2.8\) for the operator ^-^ equivalent to the simpler system 

7^l2 • [Li(u+,n_) + Ij2{v+,v-)] = [Li(u+,u_) + L2(v+,'u_)] • 11^2 ! '^12 ■ ^2 = ^2- T^x2- (2-9) 

These requirements fix the operator TV^2 up to an overall normalization constant. Fixing the normaliza- 
tion in a such way that IZ^ : 1 ^ \ we obtain 

^- I I ^ r(u+ - u_) r(zi29i +n+ - ?;_) 

^i2^+>''^-P-) = 7^7 TTT ^— v ; ^12 = zx- Z2. (2.10 

Proposition 3 The operator M can be factorized in the following way 

1^12(^^+1 u^\v-^-,v^) = 7^^2(^+l^+i U-)Tl^2{u+iU^ (2.11) 
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Note that the relations (|2.(ij) . (|2.9j) are simply the rules of commutation of the 7^-operators with si{2) 
generators written in a compact form. The 7^-operators change the spins of s£(2)-representations 



n+ — v+ 
2 

U- — V- 



while the general R-matrix 

Ri2(u - i;) = Pi27^]'2(n+|v+,U_)7^j^2('"+'''^-l'^-) 

appears automatically s£(2)-invariant Mi2(n), Si + S2 =0 where Sfc = (S^, Sfc, 



(2.12) 



3 Construction of the Q-operator for the generic inhomogeneous pe- 
riodic XXX spin chain. 

The transfer matrix t(n) for the generic inhomogeneous periodic XXX spin chain is constructed as 
follows 



(3.1) 



The most general transfer 



where = u + 5k ^ ik and the trace is taken in the auxiliary space 
matrix Q(ni|u2) is constructed in a similar manner from the operators Mfeo 

Q(ui|n2) = trvo Kio(^^ + <5i)K2o(^i + 62) ■ ■ ■ Rm{u + 6n) 

where we use the parameters ui = 1 + u — io and U2 = u + Iq instead of the spectral parameter u and 
the spin parameter £q in the auxiliary space Vq = V^p. The explicit expression for the operator M^q 
is (|2T2|l 

R.o(.+4) = 3+!°:":!^! -p.o 



T{zokdo + 24 



^{zkodk +ik+^o + u + 6k) 



T{£k+io + u + 6k) 



r(zofcOo + £k + (^0 - u - 6k) 



T{zkodk + 24) 



and it is natural to simplify the notations: we omit the local parameters ik^^k in the chain and show 
the global parameters ui = 1 + u — Iq and U2 = u + £0 only 



^kO 



iui\u2) 



r(4 + i-ui-6k) 
r(4 + U2 + 6k) 



T{zokdo + 24) 



r(zfco<9fc + ik + U2 + 6k) 



T{zokdo + £k + l-ui-6k) T{zkodk + 24) 



(3.2) 



The basic properties of the operator Q(ui|?i2) are enumerated in the Introduction. 



The s£(2)-invariance: Qiui\u2), Si + • • • + S^r 



of operators M^ko- 



follows immediately from the s£(2)-invariance 



iko{u), Sfc + So =0 and the cyclicity property of the trace. 

The commutativity [Q(ni|'U2), Q(i'i|i'2)] = follows from the Yang-Baxter equation for the general 
R-matrix 

Roo'iu - v)Rkoiu)Rko'{v) = Rko'{u)Rko{u)^oo'{u - v) 
where Vq = V^g and Vg' = V^^, are two auxiliary spaces and = V^^. is the k-th quantum space. 
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The commutativity [Q{ui\u2),t{v)] = follows from the special case of the general Yang-Baxter 
relation 

Rko{u - v)Lk{u)Lo{v) = Lo{v)Lk{u)Rko{u - v). 

All these formulae are standard and well known. The really nontrivial is the derivation of the Baxter 
equations. It is the consequence of the important properties of the 7^-operators - triangularity relations. 



Proposition 4 The following triangularity relations hold for the operators T^i2 {u+,u^ |0) and 1^12 (''^+11)'"-) 

Mf^ •7^];2(n+,^^_|0) -Li (n+,'u_) - Ma = (3.3) 

n'{2{u+ + i,u- + -7^];2 (n+,'u_|o)ai 

u_ • Te^a (n+ - - 1|0) 

MJ-^ •L2(u+,M_) ■n'l2{u+\l,u^) - Ma = (3.4) 
n_(n+-l) .7^+ -5l7^+ (u+|l,n_) \ 



U--1 



u_ • 7^^2 (tt+ + ili,n_ + 1) 



where 



r(w+-u_) T{zi2di+u+) ^+ t u ^ T{l-u^) T{z2id2 + u+-u^) 



r(n+) T{zi2di+ u+ - U-) r(u+-u_) T{z2id2 + l- U- 



1 

Zk 1 

We prove the triangularity relation for the operator 'n'^2 the proof for the operator TZi2 is very 
similar. We start directly from the defining equation (|2.8|) . Using factorization (|2.4j) of the Lax operator 
and commutativity of Tti2 and Z2 the defining equation for the 7?.]^2"OP6rator can be represented in the 
form 

^- ( U+ + zidi -di \ / 1 \ / 1 -92 

12 \^ zldi + (u+ - u_)zi n_ - zidi ) \ Z2 I ) \ V- 



1 \ / n+ - 1 -5i W 1 \ / 1 \ / 1 -82 
zi I \ M -zi 1 A ^2 1 A n_ 



^r2 



Next we transform all this in the following simple way 



-Zl I ) 12 \ + (li+ - M_)2:i - Zidl ) \ Z2 1 

_/ (n+ + Z12O1) • 7^l2 -^r2^i \ 

" Iv • ^i2^r2 • ^r2 ) 

In the last transformation we use the explicit representation for the T^^fg'OP^^ator ()2.1U|) . The obtained 
matrix becomes triangular at the point f _ = and using the explicit expression for the operator '1Z^2 
this matrix can be transformed to the form (|3.3() . From the triangularity relations for the 7^-operators 
immediately follow two triangularity relations for the general operator M12. 
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Proposition 5 The following triangularity relations for the operator M.12 u_ hold 

M2 ^ • ]Ri2 (n+, u_ \v+, 0) • Li (u+, n_) • M2 = (3.5) 

u+ • 7^12 + 1, M_ + + 1, 0) * * * 

u_ •R12 (u+ - 1,0) 

M2 ^ • Li (n+, u_) • ]Ri2 {u+,u-\l, v-)-M2= (3.6) 

^ / "'i!+7'^ •Ri2(n+-l,n--l|l,T;--l) *** ^ 

\ u_ •M12 (n+ + l,n_ + + 1) y 

The relation H3.5() is obtained from the relation ()3.3|) simply by multiplying with the operator Pi27^^2 (^+ ' ) 
from the left and using the expression (|2.11|) for the operator M.12. The operator TZ'^ plays a passive 
role in this first relation. The relation (|3.6|) is obtained from the relation (|3.4|) simply by multiplying 
with the operator P12 from the left and with the operator TZi2{u-\-,u^\v^) from the right and using the 
expression (|2.11j) for the operator M12. Now the operator TZ^ plays a a passive role. 
Let us go to the proof of the Baxter equation 

Qiui\u) ■ t(n) = A+(n)Q(ui|n + 1) + A_(u)Q(ni|u - 1) ; A±{u) = {u + 5i ± ii) ■ ■ ■ {u + Sn ± In) 

It is the direct consequence of the triangularity relation 1)3.5(1 and cyclicity of the trace. Let us choose 
the first space in (|3.5|) as k-th quantum space and the second space as the auxiliary space. We have in 
useful notations 

Mo^.M.o(ni-.|n).L,(n + 4).Mo=^ ^ • R.o (n^ - - 1) 

Multipying these equalities for k = 1,2,---N , taking the traces in auxiliary spaces and Vq and 
using the cyclisity of the trace one obtains the equation 

Q(mi — v\u) ■ t{u) = A+(u)Q(mi — v\u + 1) + A_(u)Q(mi — v\u — 1) 

The parameter ui is arbitrary so that we obtain the needed relation. The Baxter equation with respect 
to parameter U2 follows from the triangularity relation (|3.6() and the derivation is very similar. 

4 Q-operator for the homogeneous periodic XXX spin chain 

The operator 'M.ko{ui\u2) (|3.2|) has two points of degeneracy: ui = 1 — 6k — ik and U2 = ik — ^k- In 
the case of homogeneous spin chain: 5^ = and = ^) the degeneration points for all operators M^o 
coincide so that it is possible to remove half of the 7^-operators in the two-parametric operator 

Q(ui|m2) = trvo Rio (1*1^2)1^20 (til 1^2) • • •MAfo(tiik2) 
We obtain the following reductions of the two-parametric Q-operator: at the first point of degeneracy 

ui = i-e 

Q_(u) = Q(l -£|n) =trvo Pio7ero(ii+, 10) • P2o7^^o("+' "-|0) • • • PA^o7^^oK' ^- 10) = 

r^(2£) ^ ^ r{ziodi + u + £) ^ r{zmdN + u + e) 



T^(£ + u) r(zio9i + 2^) ^ r (zjvo^jv + 2£) 
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and at the second point of degeneracy U2 = i 



Q+(n) = Q{u\i)= tTy,¥ionto{u+\l,u^) ■ P2o7^+ (n+|l, ^/_) • • • Pjvo^+o(7x+|l, n_) = 

_ r^(i + ^_^) r [zQido + 2e) r (zo^yao + 21) 

r^(2£) ■ r (zoiSo + 1 + ^ - n) ■ ■ r (zo^^o + 1 + £ - tx) ■ 

As the dh'ect consequence of the equations for the general two-parametric operator Q(ui|u2) we imme- 
diately obtain the corresponding properties of the operators Q+{u) and Q-{u) itemized in Introduction. 
We construct the Q±-operator as the trace of the products of TZ^ operators in auxiliary space Vq. The 
whole construction is pure algebraic. In this Section we shall derive the explicit formulae for the action 
of the operator Q_ in the space of polynomials. The explicit expression for the second operator Q_|_ is 
more complicated and we shall not consider it here. We have the following expression for the operator 

Q- 

T{x + u + £) 



Q_(n) = trvo Pio^e (ziodi) ■ ■ ■ Pjvo^ {znoOn) ; Tl{x) = 



T{x + 2i) 



Proposition 6 The action of the operator Q_(n) on a polynomial ^{zi ■ ■ ■ z^) can he represented in 
the following equivalent forms 

[Q_(n)M/](zi,...z^)= (4.1) 

Tl{zoido)7l{zi2di)n{z23d2) ■ ■ ■TZ{zN-l,NdN)'if{zo, Zi, ■ ■ ■ ZN-l)\^^^^^^ 

[Q^{u)^f]{zi,---ZN)= (4.2) 

7^(^la^J7^(^2<9t2), • • • lZ{tNdt^) ■ ^ {tiZ^i + Zi,t2Zi2 + Z2--- tNZN-l,N + ZN)\t^=i 

r^{2£) n „, \£-u-if+u-i 



Jo 



(l-OAf) " a/" {aiZNl+ Zi,a2Zi2 + Z2- ■ ■aNZN-l,n + zn) ■ 

The operator Q-(ti) maps polynomials in variables zi - ■ ■ z^ to polynomials in variables u,zi - ■ ■ zn 

Q_(u) : C[zi • • • zat] 1-^ C[ti, zi • • • zat]. 

Let zq be the variable in the auxiliary space Vq and let the operator A act in the tensor product 
Vo (8) Vi • • • Vat and ^'(zi • • • z^) € Vi • • • Vat. The trace of the operator A in auxiliary space 
Vo = C[2:o] can be calculated as follows 



[(trvo A) ^ (zi • • • zat) = ^ —d^k ■ zo™ • ^(zi ■•■zn) 



ml 

m=0 



^0=0 



In order to prove ()4.1() it is useful to move all permutations to the right 

Plo7^(^lo9l)P2o7^(z2oa2) • • • Fmnizmdw) = 

= n{zoido)n{zi2di)n{z23d2) ■ ■ ■ n{zN-i,NdN-i) ■ P10P20 • • • P^o. 
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Then we have 

TZ{zoido)n{zi2di)n{z2^d2) ■ ■ ■ n{zN-i,NdN^i) ■ P10P20 • • • p^vo • • ^(^1 ■■■zn) 

= n{zoido)n{zi2di)n{z23d2) ■ ■ ■ TZ{zN-l,NdN-l) ■ Zn ■ "^{ZO, Zl--- ZN^i) = 

= z'^n{zoido)TZ{zi2di)n{z23d2) ■ ■ ■ TZ{zN-i^NdN-l)'^{zo, Zl--- ZN^i). 

+00 J_f)m 
m=0 ml'^O 



The result of the operation X^^^g ^^^cT ^^^^ calculated in closed form 



+00 ^ 

[Q_ {zi---Zn)=Y1 ^l^^"""^ n{zoido)n{zi2dl) - ■ ■ n{zN-l,NdN-l)-^{zo, Zl--- ZN-1 n,,=o 



m=0 



e^^^° n{zmdo)n{zi2dl)n{z23d2) ■ - - n{zN-l,NdN-l)^{zo, Zl--- 



IJ 



Uo=0 



= 7^(2;ol5o)7^(Zl2C?l)7^(z23C?2) • • • TlizN-l^NdN-lj^^ZQ^Zi ■ ■ ■ ZN-l)\-,^^^^ 

and we obtain the first representation H4.1j) . 

The second formula is the simple consequence of the first one. Let us represent the action of the 
operator Ttizk-i^tdk-i) in the form 

■R{zk^i^udk-i)^{zk-i) = n{tk\)tl'-'-''^'''^{zk-i) 

tk=^ 

= n{tkdt,)e-"^^^>'-Hf-'^'-'e-"'^^^-^^{zk-i) = n{tkdt,)^{tkZk-i,k + Zk)L^i 

We have 

[Q_(n)^'] {zi---Zn) = n{zoido)n{zi2di)n{z23d2) ■ - - TZ{zN-l,NdN~l)'^{zo, Zl ■ - - ZN-l)\^^^^^^ = 
= 7^(^l5tJ7^(^25t2) • --TZ{tNdtt^) - ^' (tl^Ol + Zi,t2Zi2 + Z2 ■ --tNZN-l,N + ZN)\t^=i^^^^^^ 

which is just the second formula ()4.2|) . 

The third formula is the simple consequence of the second one. We use the integral representation 
for the operator 

T{i + u)T{i-u) Jq 
This allows now to obtain (|4.3() from (|4.2() . 

The most useful for the proof of the last property is the formula (|4.2() . Let us consider the action of 
Q_(u) on the monomial z™^ • • • z'^^ 

Q-{u)z'^^ ■ ■ ■ zj^^ = n{tidt^) - --n{tNdt^) ■ {tiZNl + Zif^ {t2Zi2 + 2:2)™^ • • • itNZN~l,N + ^^Af)""^ 1*^=1 

The left hand side is the sum of monomials t^^--- with polynomials coefficients from C [zi • • • zj\f] so 
that it is sufficient to prove that 



ntidtMt2dt,) - - - n{tNdt^) - tt%^ ---t 



N 



= n{ki)n{k2)---n{K) 



is polynomial in u. We have 

r(2^) T(k + U + l) r(2£) , „ r n r -,^ 

In the generic situation all is well defined and one obtains a polynomial in u. Note that the operator 
Q-{u) coincides with Q-operator constructed in ^Uj by using Pasquier-Gaudin method There 
exists another equivalent representation for the operator Q_(?i) 
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^^o(-) = ^ w.: . ' ■ r^.rrrvrr (5.4) 



5 Back to the inhomogeneous chain: factorization of the two-parametric 
operator Q{ui\u2) 

There exists the natural generalization of the operators Q±{u) to the case of the generic inhomogeneous 
periodic XXX spin chain. The natural local building blocks for the operators Q±(^i) are the operators 

Q_(n) = trvo Plo7^^o('" + h) ■ ■ ■ FmT^miu + 5n) (5.1) 
Q+(n) = trvb Pio7^;o(^ + Si) ■ ■ ■ Fmn+oiu + 5n) (5.2) 
where we used the notations 

r (24) r {zkodk + u + £k ) 

r(n + 4)' r{zkodk + 2ik) 

r( i+4-^) r {zQkdo + 24) 
r(24) ' r(zokdo + i + ik-u) 

Note that explicit expressions for the operator Q-{u) can be obtained by repeating step by step all 
calculations from the previous Section. 

Proposition 7 The operator Q_(n) obeys the Baxter's equation 

Q_(n) • t{u) = A+(u)Q_(n + 1) + A„(u)Q_(u - 1) ; A±{u) = {u + 6i ± h) ■ ■ ■ {u + 5n ± ^n) (5.5) 
and the operator Q+(u) obeys the Baxter's equation 

t(n) . Q+{u) = ^+(^-1)^-N q^(^ _ 1) + A_(n)Q+(n + 1) (5.6) 
A_(ii — 1) 

We prove again the first relation only and the proof of the second ones is similar. It is the direct 
consequence of the triangularity relation and cyclicity of the trace. Let us choose the first space 
in 1)3. 3() as k-th quantum space and the second space as the auxiliary space. Then we have 

Ffeo/^fcoi^ + Sk) Lfc (% , n J - Mo ^ Q ^_ , Pfco7^^o(« -l + Sk) ) ° 

The triangularity relation for the 7^~-operator allows to transform the following product to the triangular 
form 

FioTZ^Qiu + 5i) ■ ■ ■FNoT^mi'^ + ^n) - Li {uf,u'^) ■■■Ln (li^,^^) = 
= Plo7^]'o(n + (5i)Li (u^, • • • FNoTZ^^giu + 6N)'i^N {u%, ujf) = 
^ / u+FioTZ^Qiu + 1 + 5i) *** 

n+P7vo7^^o(^ + 1 + '^Ar) *** \m-^ 

^x^Pivo7^]^o(«-l + '^^) J ° 

To derive the Baxter's equation it remains to calculate the traces in the auxiliary spaces Vq and 
using the following simple statement. Let operators Aij act in the tensor product Vq ® " " " ® Vn- Then 
we have 

■ 1 \ / All Ai2 \ / 1 
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The proof is straightforward and uses the cychc property of the trace only 

trvo Ai2 • zq = trvo zq ■ A12. 
Next we consider the commutation relations between the operators Q±(ti) and the transfer matrix t{u). 

Proposition 8 The operators Q±(ti) have the following commutation relations with the transfer ma- 
trix /TO) 

Q_ (A) • trLi {ul,u{) L2 (n^,U2 ) • ' ' {'^n^K) = 

= trLi {u^,u{) L2 {u^^u^) • • - Ln {ut^Ki) ' Q W , (5-7) 
tr Li [uf, u^) L2 (n^, u^) ■ ■ ■ L„ u^) • Q+ (A) = 
= Q+ (A) • trLi {ut,Un) L2 {ut,u^) • • - Ln ('U+,n^_^) . (5.8) 
Let us prove the equation H5.7|) for example. We start from the commutation relation 
Plo7^]*o(n + (5i - A_) • • • Fm'^tfoi'^ + Sn - A_) • Li (n^^, L2 (""^ , ^^2^) • • • Ln (^^n > ) • Lo (A+, A_) = 

= Lo {u^, A_) • Li (n^, u^) L2 ('"3 , ^^2^) • • • Ln (A+, n^) • Pio7^^o('" + - A_) • • • Fm'^tfoi'^ + Sn - A_) 

which is derived directly from the defining relation 1)2. 8p for the operator TZ~ . Next we put A+ = 
and multiply both sides of the equation by the Lq"^ (u^^; A_). It remains to calculate the traces in the 
auxiliary spaces Vq and using the following simple statement. Let operators Ajj act in the tensor 
product Vo Vi ■ ■ ■ ^ Vn- 



tivo tr Lo n ) • ^ ^ • Lq ^ n ) = try^ An + try^ A22. 



(5.9) 



The proof is straightforward and uses the cyclic property of the trace. After all one obtains the com- 
mutation relation ()5.7|) for A = n — A_ which is equivalent 1)5. 7|) due to arbitrariness of A_. 

It is possible to build from the operators Q± some composite operator commuting with transfer 
matrix t(n). The operator Q+ (A) • P • Q_ (p) , where P is the operator of cyclic shift 

¥^p (Zi, Z2 • • • Zn) = Ip iz2, Z3--- Z„, Zi) 

commutes with the generic transfer matrix 

Q+ (A) • P - Q_ (/i) • trLi {ul,u^) L2 {u^,u^) ■■■'Ln (u+,u~) = 

= trLi {uf,u];) L2 {u^,U2) ■■■Ln {Un,Un) • Q+ (A) • P • Q_ (^) 
The commutativity follows from the commutation relations (|5.7|) and (|5.8I) 

Q+ (A) • P - Q- (/-i) • trLi {ul,u^) L2 (u^,n^) • • • L„ (u+,m;;) = 

= Q+ (A) • P - trLi {ut,ui) L2 (^^3,-^2) ■■■Ln {u^,Un) ■ Q- (^) = 
= Q+ (A) • trL2 ) L3 (u^,m^) • • • Li (n^,u^) • P • Q_ (^) = 

= Q+ (A) - trLi {uf,Un) L2 (n^,ur) ' " " Ln (""^l;, ^*r^-i) -P- Q- (m) = 
= trLi {uf,u^) L2 {u^,U2) ■■■Ln {Un,Un) • Q+ (A) • P • Q_ (fl) 
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The operator Q+ (A) • P • Q_ (/i) obeys both Baxter equations with respect to each parameter. It is a 
simple consequence of Baxter's equations for the operators Q+(A) and Q_(/u). 

After all it is evident that in the case of homogeneous spin chain: 6k = and ik = i we have the 
points of degeneracy X = l — £ and fj, = i where operators Q± reduced to the operator P: Q_|_ {1 — £) = W 
and Q- (£) = P. So that we have 

Q+(l-£)-P-Q_(^) = Q_(/i) ; Q+(A)-P-Q„(^) = Q+(A) 

We see that the composite operator Q+ (ni) • P • Q_ (M2) has the same properties as the two-parametric 
operator Q {ui\u2)- Of course this is not accidental because these operators indeed coincide. 

Proposition 9 

Q(wi|n2) = Q+(ni)-P-Q-(n2) (5.10) 

The direct proof which we have is rather technical and does not illuminate the origin of this factorization. 
For brevity we omit the proof and hope that this factorization looks sufficiently natural. 
Finally we consider the commutation relations between operators Q+ (ui) and Q_ (M2). 

Proposition 10 The operators Q+ (ui) and Q+ (ui) have the following commutation relations 

Q+ (m) • P • Q„ {U2) ■ Q+ (vi) = Q+ (vi) • P • Q_ {U2) ■ Q+ (ui) (5.11) 
Q_ (^2) • Q+ (^;i) • P • Q- {V2) = Q- {V2) ■ Q+ (vi) • P • Q_ (^.2) (5.12) 

These commutation relations are the consequence of the commutation relations for the two-parametric 
operators 

Q{U1\U2) ■ Q{VI\V2) = Q{VI\U2) ■ Q{ui\v2) (5.13) 

Qiui\u2) ■ Q{vi\v2) = QiuM ■ Qivi\u2) (5.14) 
and the factorization of the two-parametric operator 

Q(^ilh2) = Q+ (ui)-P-Q_ iu2). 

We shall prove the commutation relations 1)5. 13() and (|5.14|) . These commutation relations follow from 
some local three-term relations which are similar to the Yang-Baxter relation for the M-operators. To 
derive the needed relation we shall proceed in close analogy with the well known derivation of the 
Yang-Baxter relation from the defining equation 

Mi2(m+, M-|f+, W_)Li(u+, li„)L2(w+, W-) = Li{v+,V^)L2{u+,U-)Rl2{u+,U-\v+,V-) 

We recall that the commutativity of the diagram 

R23iu+,U-\w+,W^) 

Li(f+, f_)L2(M+, U-)L3{w+,W-) ^Li{v+,V-)L2{'w+,W-)Ls{u+,U-) 

Rl2 {uj^,U-\vj^,V-) Mi2 (f + ,V-\W+,W-) 

Li (u+ , u_ )L2 (w+ , V-)L3{w+ ,w^) Li {w+ , W- )L2 {v+ ,v^)L3 (u+ , u- ) 

{v+ ,v-\w+,w^) R23 iu+ , n_ , w_ ) 

Li{u+,U^)L2{W-i-,W-)L3{v+,V^)- ^Li{w+,W-)L2{u+,U^)L3{v+,V-) 

Ri2{u+,u-\w+,w-) 
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results in the Yang-Baxter equation for M-operators 

= R23{u+,U^\v+,V-)Ri2{u+, U^\w+, W-)R23{v+,V-\w+, W-). 

In the same way the commutativity of the diagram 

R23{u+,U^\w+,W^) 

Li{v+,V-)L2{u+,U^)L3{w+,W-) ^Li{v+,V-.)L2{w+,W^)L3{u+,U- 



il2[U-^,U-\V+,V- 



Li(n+, u_)L2(f+, V-)L3{w+,W-) 



^23(^+'^-l^-) 



Li{u+,U-)L2{v+,W-)L3{w+,V-) — 



-^12{U+,U-\V+,W-) 



7^12 (^+ I ^-) 



Li{v+,W^)L2{w+,V^)L3{u+,U-) 



i23{u+,U-\W-^,V-.) 



-Li {v+ ,W-)L2 {u+ ,U-)L3 (w+ , V- ) 



results in three term relation for one TZ~- and two M-operators 

TZ'^2i'^+T'^~\''^-)^'23iu+,U-\w+,W-)Ri2{u+,U-\v+,V-) = (5.15) 
= R23 {u+ ,U^\w+, V-)Ri2 (n+ ,U^\v+,W- )7^23 (^+ ) ^- 1 ) 

In a similar way one obtains the relation for one TZ'^- and two M-operators 

Tl'l2{v+\w+,w~W23{u+,U-\w+,W-)Ri2{u+,U-\v+,v-) = (5.16) 

= M23 {u+,u^\v+,W-)Ri2{uj^,u-\w+, f - )7^^3 {v+\w+,w-). 

First of all after multiplication with the permutation operators the three term relation 1)5. 15() can be 
rewritten as follows 

^23'^23i^+^'"-\'^-Wl3{u+,U_ \w+,W_)Rl2{u+,U^ \v+,V^) = 
= Mi2 (n+ ,U_\w+, V-)Ri3 (ti+ ,U-\v+, )P237^^3 (f + ,V^\W-) 

Next we choose the first space , the second space Vq and the third space Vq' . We have 

PoO' ^00' {V+,V-\W- )RkO' {u+,u^\w+,w-) RkO {u+,u-\v+,v-) = 

= ^kQ{u+ , n_ I w+ , w_ )Mfco' iu+ , u- j v+ , )Poo'^oo' (^+ > ^- ) 
These local relations imply in the standard way the following commutation relation 

Q{ui\u2)Q{vi\v2) = Q,{vi\u2)Q{ui\v2) 

In a similar way choosing the first space Vfc, the second space Vq and the third space Vq' we rewrite 
the equation 

'Rf2i''^+\'^+^''^-W'i3{u+,u^\w+,w^)Ri2{u+,u^\v+,v-) = 

15 



in the form 

= Kfco {u+,u-\v+,v^) Mfco' (n+ , u„ I w+ , it;_ )Poo' TZqq, {v+\w+,W-). 
These local relations imply in the standard way the following commutation relation 

Q{ui\u2)Q{vi\v2) = Q{ui\v2)Q{vi\u2). 

6 Conclusions 

Using the unversal R-matrices Mfco(^) ^-s building blocks it is possible to construct the two-parametric 
Baxter's Q-operator in the case of generic inhomogeneous periodic XXX spin chain 

Q{ui\u2) = trvo ^io{u + 5i)M2o(ti + 62) ■ ■ ■ Rm{u + 6n). 

This operator is factorized on the product of simpler operators Q^{ui) and Q_(n2) 

Q{ui\u2) = Q+{ui) - F ■ Q_{u2). 

In the general case of inhomogeneous spin chain the operators Q+(ni) and Q_(n2) are not si{2)- 
invariant. There are nontrivial commutation relations between and Q_ and between Q-t and transfer 
matrix t(n). In the special case of homogeneous spin chain the operators Q+(tt),Q_(ii) and t(u) become 
commuting operators and the s^(2)-invariance of the operators Qj^{u) and Q_(n) is restored. The 
operators Q+(n) and Q-(u) have all properties of Baxter's Q-operator in the special case of homogeneous 
spin chain but in the case of inhomogeneous spin only the composite operator Q-(_(ni) • P • Q_(n2) has 
the needed properties. 

The factorization of the general R-matrix can be generalized to the more complicated situation when 
the symmetry algebra is s£{3) j9j. We hope that there exists the similar construction of the Baxter's 
Q-operator in this case. 
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